Abstract
Introduction
Let B(H ) denote the algebra of operators on an infinite dimensional Hilbert space H . An operator A ∈ B(H ) is said to be p-quasi-hyponormal, denoted A ∈ p − QH , for some 0 < p 1 if A * (|A| 2p − |A * | 2p )A 0. Trivially, every p − QH operator with dense range is p-hyponormal.
It is well known [21] that every p − QH operator is paranormal. Actually, let A ∈ p − QH have the polar decomposition A = U |A| and then it follows that (use the Hölder-McCarthy inequality [23] for all x ∈ H . Hence A is paranormal. Paranormal operators A have been extensively studied in the recent past (see [9, 13, 16] ), and it is known that they satisfy the following properties (amongst many other interesting properties): (i) operators A are normaloid (indeed they are totally hereditarily normaloid in the sense of [13] ), isolated points of the spectrum of A are simple poles of the resolvent of the operator and the non-zero eigen-values of the operator are mutually orthogonal [13] ; (ii) A * , as also f (A) for every function f holomorphic on an open set containing the spectrum σ (A) of A, satisfies Weyl's theorem (see [9, 13] ); (iii) completely non-unitary paranormal contractions are of the class C .0 of contractions [12] . Apparently, p − QH operators inherit these properties from paranormal operators. In this paper we consider operators A ∈ p − QH , and prove some properties of A which seemingly cannot be deduced from those of paranormal operators. It is proved that such A are never supercyclic. Restricting ourselves to those A ∈ p − QH for which A −1 (0) ⊆ A * −1 (0), denoted A ∈ p * − QH , we prove that operators in p * − QH satisfy Bishop's property (β) and prove a necessary and sufficient condition for the adjoint of a pure p * − QH to be supercyclic. It is known that p-hyponormal operators are points of continuity of the (set theoretic) function "spectrum", σ ; we prove that p * − QH operators A with polar decomposition A = U |A| for which A and |A|U have the same left essential spectrum are points of continuity of σ . Another property that p * − QH operators share with p-hyponormal operators is that each A ∈ p * − QH has the finite ascent property and the quasi-nilpotent part H 0 (A − λI ) equals (A − λI ) −1 (0) for all complex numbers λ; we use this property of A ∈ p * − QH to prove that f (A * ) satisfies aWeyl's theorem for all non-constant functions f which are analytic on a neighborhood of σ (A). At the end, we prove a Putnam-Fuglede type commutativity theorem for operators in p * − QH . All these results are proved in Section 2. For the time being we introduce some of our notation and terminology: any other notation and terminology will be introduced at the first instance of occurrence.
We shall denote the spectrum, the point spectrum, the isolated points of the spectrum, the accumulation points of spectrum and the Riesz points of a T ∈ B(H ) by σ (T ), σ p (T ), iso σ (T ), acc σ (T ) and σ 00 (T ), respectively. (With terminology as defined below, we recall that a complex number λ is a Riesz point of T if T − λI is Fredholm of finite ascent and descent [18, p. 217] ; equivalently, λ is a Riesz point of T if λ ∈ iso σ (T ) and T − λI is Fredholm [1, Definition 5.109] .) The range, the kernel and the orthogonal complement of the kernel of T will be denoted by ran T (or T (H )), ker T (or T −1 (0)) and ker ⊥ T . We shall denote the set of complex numbers by C, the unit disc in C by D, and the boundary of D by ND. The complex conjugate of the number λ will be denoted byλ, and the closure of a set S will be denoted by S. Recall from [25] that a contraction T ∈ B(H ) is of the class C .0 of contractions if T * n x −→ 0 as n −→ ∞ for all 
The operator T is Fredholm, denoted T ∈ (H ), if it is both left and right Fredholm, and so the set (H ) consists of semi-Fredholm operators with finite indices. The essential spectrum of T , denoted σ e (T ), is the set of all λ ∈ C such that T − λI is not Fredholm. Also, the left(right) essential spectrum of T , denoted σ e (T )(σ re (T )), is the set of all λ ∈ C such that T − λI is not left(right) Fredholm. We shall henceforth shorten T − λI to T − λ. The ascent (descent) of T , denoted asc(T ) (resp., des(T )), is the least non-negative integer n such that T −n (0) = T −n−1 (0) (resp.,
which implies that
Hence p-hyponormal operators are p − QH operators. We refer the reader to the monograph [16] for further properties of p-hyponormal and paranormal operators.
Results
Every A ∈ p * − QH has a decomposition A = A 1 ⊕ A 2 , with respect to some decomposition
Then the partial isometry U 2 is an isometry, and we may choose the partial isometry U 1 to be a unitary such that the commutator [|A 1 |, ([5] ; see also Proposition 2.7 infra), B 1 = A 1 is normal and B 2 is an injective operator. Since A 2 ∈ p − QH , and since |A 2 | is a quasi-affinity, it follows from the equivalence
We shall henceforth refer to the operator B as the operator associated with A.
Recall from [7, Theorem 3] that the commutator |B| 2p − |B * | 2p of the operator B associated with A ∈ p * − QH satisfies the area inequality
The following lemma will be required in the sequel.
Lemma 2.1 (i) The operator A ∈ p * − QH is normal if and only if the associated operator B is normal, and then
A = B. (ii) If an A ∈ p − QH is such that σ (A) ⊆ ND, then A is unitary.
Proof. (i) If
A is normal, then A 2 acts on the trivial space {0}, and so A = A 1 = B. If, instead, B is normal, then the normality of B 2 implies that
Hence, since 0 < p 1,
where the last inequality is a consequence of the fact that A 2 ∈ p * − QH . Thus (ii) The proof is a straightforward consequence of the fact that p − QH operators are paranormal, and a paranormal operator with spectrum in the unit circle is a unitary.
We write V for a Banach space. Recall that a Banach space operator T ∈ B(V ) has (Bishop's) property (β) if, for every open subset U of C and every sequence of analytic functions f n : U −→ V with the property that (T − λ)f n (λ) −→ 0 as n −→ ∞ uniformly on all compact subsets of U, it follows that f n (λ) −→ 0 as n −→ ∞ locally uniformly on U [22, Definition 1.2.5]. Hyponormal operators satisfy property (β) [22] .
Theorem 2.2. Every operator A ∈ p * − QH satisfies property (β).
Proof. Observe that A has property (β) if and only if A 2 has property (β). Recall that if R, S ∈ B(H ) are injective, then RS satisfies property (β) if and only if SR satisfies property (β) [6, Theorem 5] . Since the operators |A 2 | and U 2 are injective, and the operator B 2 = |A 2 |U 2 being p-hyponormal satisfies property (β) [6] , it follows that A 2 = U 2 |A 2 | satisfies property (β). A Banach space operator T ∈ B(V ) is said to be hypercyclic (resp., supercyclic) if, for some x ∈ V , the orbit {T n x : n = 0, 1, 2, . . .} (resp., the homogeneous orbit {λT n x : λ ∈ C, n = 0, 1, 2, . . .}) is dense in V . Evidently, hypercyclicity of T implies supercyclicity of T . Hyponormal operators are not supercyclic [22] . The following corollary says that this remains true for operators A ∈ p − QH . 
Corollary 2.4. Operators

Let F be a closed subset of C and, for a T ∈ B(V ), let H T (F ) denote the (glocal) analytic spectral subspace defined by the set of x ∈ V such that there exists an analytic resolvent function g satisfying x = (T − λ)g(λ) for all λ ∈ C\F . The subspaces H T (F ) are T − invariant (generally) non-closed subspaces of V [22, p. 32]. However, if T has property (β), then H T (F ) is closed for every closed subset F of C [22]. For an operator T satisfying property (β), let σ T (x)
denote the local spectrum of T at x ∈ V (see [22, p. 16 
]). Then σ T (x) is a part of σ (T ) [15, Proposition 2.3]
, where a part of σ (T ) is the spectrum of the restriction of T to an invariant subspace. Continuity of the "spectrum". If A ∈ p * − QH , then the associated operator B is p-hyponormal, and hence a point of continuity of σ . Are p − QH operators points of continuity of σ ? The following theorem, showing that σ is continuous at operators A ∈ p * − QH such that σ e (A)\σ le (A) and σ e (B)\σ le (B) have the same components, is a modest attempt in this direction. But before that we prove some complementary results.
Corollary 2.5. If A is an injective pure p − QH operator with an invariant subspace M such that A| M is an isometry, then σ (A)
∩ D / = ∅.
Proof. A ∈ p − QH being injective, A has property (β)
Recall [17] that a Banach space operator T ∈ B(V ) is said to have index zero if there is Banach space isomorphism ker T ∼ = V /ran T . The following slightly improved version of a result of Barnes [5] appears in [17] .
Proposition 2.7. If T ∈ B(V ) is of "index zero" and S ∈ B(V ), then (i) σ (ST ) = σ (T S) and σ e (ST ) = σ e (T S); (ii) σ e (T S) ⊆ σ e (ST ) and σ re (ST ) ⊆ σ re (T S).
Lemma 2.8. σ 00 (A) = σ 00 (B) and σ re (A) = σ re (B).
Proof. For T ∈ B(H ), λ ∈ σ (T )\{σ e (T )∪acc σ (T )}
⇐⇒ T − λ ∈ (H ) and λ ∈ iso σ (T ) ⇐⇒ T − λ ∈ (H ) and 0 < asc(T − λ) = dsc(T − λ) < ∞ [1, Corollary 3.21] ⇐⇒ λ ∈ σ 00 (T ).
Hence σ 00 (T ) = σ (T )\{σ e (T ) ∪ acc σ (T )}.
Since A = U |A|, B = |A|U , and |A| has has index zero, it follows from Proposition 2.7 that
σ (A) = σ (B) and σ e (A) = σ e (B).
Thus σ 00 (A) = σ 00 (B).
It is clear from Proposition 2.7(ii) that σ re (A) ⊆ σ re (B). Thus to prove σ re (A) = σ re (B) it will suffice to prove that σ re (A) ⊇ σ re (B) (i.e. to prove that A = U |A| is right Fredholm implies B = |A|U is right Fredholm). Since ker(A) ⊆ ker(A * ), we may assume that U is an isometry, which (if A is right Fredholm) implies that U is Fredholm. Consequently, U * is Fredholm. Since B = U * U |A|U , B is right Fredholm.
For an operator T ∈ B(H ), define the sets P n (T ) and P ± (T ) by P n (T ) = {λ ∈ C : T − λ ∈ sF (H ) and i(T − λ) = n} for n ∈ Z ∪ {±∞} and P ± (T ) = {λ ∈ C : T − λ ∈ sF (H ) and i(T − λ) / = 0}, respectively.
Recall [5, Theorem 6] 
so that A is hyponormal and injective (hence, A ∈ p * − QH ). Let A have the polar decomposition A = U |A|, and let
Let T ∈ B(H ). Recall that a hole in σ e (T ) is a bounded component of C\σ e (T ) and a pseudohole in σ e (T ) is a component of σ e (T )\σ le (T ) or σ e (T )\σ re (T ).
The spectral picture of T , SP(T ), is the structure consisting of the set σ e (T ), the collection of holes and pseudoholes in σ e (T ), and the indices associated with those holes and pseudoholes [24] . Proof. Recall from [8] that an operator T ∈ B(H ) is a point of continuity of σ if and only if for each λ ∈ σ (T )\P ± (T ) and > 0, the -neighbourhood of λ contains a component of σ 0 (T ), where
Recall also that p-hyponormal operators are points of continuity of σ (see [10] or [19] ). Thus to each λ ∈ σ (B)\P ± (B) and > 0, the -neighbourhood of λ contains a component of σ 0 (B). Since P ± (A) = P ± (B) (by Lemma 2.9) and σ 0 (B) = σ 0 (A) (see Proposition 2.7(ii) and Lemmas 2. [3], our Theorem 2.2 implies that H 0 (A − λ) is closed for every λ ∈ C for operators A ∈ p * − QH . More is true.
is normal. Since D * p is pure, X 12 = 0. A similar argument applied to the equations A p X 21 = X 21 C n and A p X 22 = X 22 C p shows that X 21 = X 22 = 0. Evidently, A * X = XC * , and A and C are unitarily equivalent normal operators.
